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the wave (which leads to the export of westerly momentum in middle

latitudes) is steeper in P6432 (2-3) and P6432 than F6432(5).  This

result in weaker easterlies for  F6432(5) which can be seen on

Fig 18(A) . The latitudinal distribution of the mean zonal flow and the

main wave for the ~1-fie1d , on day 6 ~~Fig. l8(A and B) and Fig. l9(A

and B)J , indicate that the experiments with Fourier filter , on that

day , are closer to the control run than the othe r expe riments . N6432

shows clear irregularities on the mean zonal flow and the main

disturbance of the ‘v1-field , Fig. l8(A and B).  N6432 shows an increase

of kinetic energy of about 28% on day 6 and subsequently “blows-up ” ,

Fig 20 . F6432(5) shows irregulari t ies in low and high latitudes on

day 8, Fig. 21(A), and the calculation is ended afte r 9 days due to the

- accumulation of energy in high wavenumbers . At this time the kinetic

energy has inc r eased by about 53%, as shown in Fi g. 20 . Fi g. 21

shows the h-fields , on day 8, for  the experiments F6432(5), P6432(2 -3),

P6432 and the control run , Apart from the area of i rregulari t ies

shown on the field of F6432(5),  the comparison between the fields

shows better result for the runs with the Fourier filter . For example ,

in middle latitudes F6432(5) shows open wave s while , as expected

from the results of others and also from our control run (Fi g. 2 1(D)), -

P6432(2-3) and P6432 give closed systems in middle latitudes .

It is clear from thi s section that the periodic fil ter does

- 
control the aliasing instability arid at the same time give s reasonable - -

evolution of the flow with time with little additional computing time .

On the othe r hand for wavenumber 6 the friction term with coefficient

- -  - ----- _
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of io~rr?Isec is not enoug h to prevent the accumulation of energy in

- 

high wavenu mbers and higher values of the fr ict ion coefficient will

cause excessive smoothing .

From these experiments we canno t conclude that a non-
- 

linear viscous term would not do a better job , but certainly the

- results of Miyakoda et al (1971) indicate that such an approach is not

- 
too promising.

(4

_ _  
- - -5’-
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CHAPTER V

SUMMARY AND CONCLUSIONS

One of the problems of long range forecast  models is their

need for some sort of smoothing to prevent  the non-linear (aliasing)

instability and to achieve reasonably smooth fields . Two methods are

tried for a one level primitive global model . The use of a Fourier

filter which eliminates the 3-gridlength wave s and smaller f rom time

to time , and the addition of a linear friction term , in the momentum

equation , to dissi pate the kineti c energy especially f rom small scale

wave s . The models are tested with two types of simple initial

conditions , a stable wave where the fields tend to return back to their

initial value s and unstable wave where the fields break down within

few days . Up to three or four days the models show no si gnificant

differences between the two approachs . In fact , even runs without

• any smoothing are in good agreement with them .

The 3-gridlength fil ter completely controls any instability

up to the 20 day limit of our runs~ It also requires little additional

computer time • The time evolution of the flow is quite reasonable

except if the filter interferes with an essential exchange of energy

between the shorter and longer waves . In thi s case the filter can

cause serious deviations from the true solution . In this case the

solution to the error  is to increase the resolution of the model .

On the othe r hand , a coefficient of viscosity equal l0cmt/ sec .

fails to prevent the non-linear instability while a value of 10 m2 / sec

_ _ _ _  - -
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• 
- ‘ smoothed the f ie lds  too much . Further , the use of the f r i c t i on  term

requires considerably more computer ti me as indicated in sec t ion  11. 8 .

Perhaps a nonlinear viscosity formula t ion  would be more

useful , but based on the work of Miyakoda et al (1971) thi s does

not appear promising . -

Somewhat surpr is ingly, the app lication of the 3-gridleng th

filte r each time step gave the best overall resul ts  for both the stable

and unstable wave . Such a procedure is howeve r wastefu l of resolut ion

when the pseudospectral  algori thm is used for the est imation of

derivatives . Furthe r , such a procedu~ ~ would ef fe ctively convert

the pseudospectral model into a spectral model with about 2 / 3  of the

( - number of degrees of f reedom . In that case it may well be more

efficient to use a spectral  model f rom the start s

While the results generally indicate that numerical

filtering is better than a fr ict ion term , it is not obvious that the

• particular filte r used is best . In fact , some less drastic form of

numerical smoothing may be able to provide equally good long term

numerical stability without strong ly interfering with energy exchanges

in a s table type flow .

Finally, it should be noted that these results have been

obtained with very simple initial conditions . As such , they can only

be indicative of sort  of conclusion that would be obtained with initial

conditions f rom real data .

- r  -
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Appendix (I): Friction formula

Starting with the viscous force  in the form

~~ ~~~~~~~~~~~~~ (31)

where the stress tensor

~~~ 

(‘st + (32)

For surface spherical polar coordinates the distance ds in two

dimens ion is defined as

(ds~~= i ( de~~ +~~ site ( d A ) ,

- -5- where )
~ 

long itude and 9 colatitude .

Or, (dsp = I (dxj + ~ siz~ x1 (dxj , 
—

where

and ;:i ‘:~ 

~~~.-

— a’ a’ sax ,
Now 

~~~~~~~~~~~~~~~~ (33)

where is Christoffel symbol of the second kind defined as

~~
J is Christoffel symbol of the f i rs t  kind defined as

C. = _ _  _ _

It is easy to prove that
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= [~t,i’1 = = ~ ~~~~ ~ ~
and

~l2 , 2’3 = a~ sin x~ cos x~

[21 , 25’) = ~ sin x1 cos x~ ,

(22 ,13 = -a
L sin x1 cos x~

• So 

= - sin x~ cos x~ and =cot x 1 ~~~~~~~~~~~~~~

From (33)

H =

‘c ,, = -cot x~ V1•

V = -cot x~ V

and \~~~= ~j !_ ÷sin x~ cos x~ V

C’ and from (32)

= ~~~( V  + V ~ ) = 2 ~ -
’
~~ ’~

= ~ ( V2~ + V2 1  ) = 2 ’~ ( ~.1±sin x~ COS x 1 V, ) 1

-~ ~ and ci = = ~ ( \~
+ ~~~ -2cot x~ V~ ) .

Now in terms of physical components

I II
= V/h 1 = ~ 14 /h 1 = 14 /a

3. ti
= V/h 2 = \~ /h~ = Va /(a sine ).

Or

14 = a  V9 and \~, = a s i n 8  Y~

furthe r

= c/ a1’ = !~ ~~~~~~~~ 
5’

Or 
-t-~~ne Cos t~~

5”
~~. - 

-.

_ _ _ _  --
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As - er and c ,~ =\~ -I c~—~’t\ c~
.

.

. ;- = 
~~

‘ c1 + = -
~~~~~ f~•,I + 

~~~~~~~~~~~~~~~~~ cl,L ~ (34)

where

= _ _ _  — 

~~~~~ 
~~~ 

— ~~~~~~~~~~~~

- 

~~~~

So
- ~~~~ 

‘ and = — c,t e

Also

I
4 + s x ,~~.sx , ç-, ~~~~~~~~~~~ 

~~L\

.
.
. c1,t ~~~~~~~~~ ~~~~~~~ ~~~~~~~ ~~~~, —

and
€ 11 = ~~~~~~~ c.se ~~~~~

So from (34)

_ _ _

I ‘5’ 4 
~~~~~~~~~~~~~ ~~~~~

or
- 

- 
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- ) 
Similarly we can prove that

- 

F ‘ ~~~~L - 2 .C.t G~~~- 
~ ç.

~~ a. I 6).

To get the equations in t erms of 4~ (latitude) and ~ (longitude)

and to rep lace V9 and V~ by ~/ and u as meteorologist  generally

- 
do , we use the following relations

- ~~ = 5’
~1/2 - , V~ =--

~‘ and V~ = u .

Then it is possible to pro ve that
-

;

— —
~~~~~~~~~~~

-
~
J
1~~~

3
and 

S

C 
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- _ (tt~~~~~~~~~~~~~ +~~~~~~~~\.
t
:-,~4
1!

_ _ __ _  _
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Appendix (II) : CFL cr i terion

In order to obtain guidelines for the choise of time step

we treat the numerical stability problem in Cartesian rather tha n

spherical coordinates . This approach was taken by Jacques( 1976)

with useful results . Here we include a fr ic t ion term . Consider in
-

- Cartesian coordinates the following equations

- ~(i~ ~~~~~“ --
~~~~~

_ 
~~~~~~~~~~‘~~~~~‘ +  \~~~~~~i. 

•
~
f I

and -

- C’ where ~~ =g~~ is a constant .

- - 
Using Fourier series , let us express all the dependent variables in

-; the form
- - 

.,

- h  A~~~~~çA 0 e

5’ A is function of time , k is the east -west  wavenumber and I is the

north-south wavenumber . Using a leapfro g time scheme and reme-

~~ mbering that the space derivatives are exact , the finite differences

analogues to the above equation , for a particular mode k and I ,

- can be written as

J.
6t

~~~t~t4 t  =_ i A~~E~ k4~ + .(k’+L’)J

[J+. +~~~
1: ( k 1’-F.~) ] ar 

~~~~~~~~~~~~~~ 4t+ k~~~~~~~L

_ _ _  5’—-—- -- --—- -~~~~~~~~~~~~~~ - 5 ’
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where we have used t he st anda r d te chnique of calculati ng the f r i c t i o n

term at time t- ~ t .

- 
— 

- - 
Assuming solutions of the form

I I \ ~ it
-.~). ) = 

.

~~~~~~ 

) 
~~~

, )

where ~~, -~
5’
~ and $~ 

are constants , we f ind  that

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~o 
S

-‘/ ~~~~~ * 2 ~ ~ ‘ (~t+ P) -i ~ 2~ bt J. 4’ e

*~~~.A ) ~
’) 5 ’  

~t - ~~k~~ + At~~ L5 ’~I*

~sij~ 1t
where . A = e .
The condition for a non- t r iva l  sol’ition is that the determinant  of the

algebraic system vanish , i .e .

~~~~ 

)+ t~? ~t)~ (k1+ tt)

o A_~~+L~4tr~
K
~+r) 

~~~~~~~~~~~~~~ 0

If we denote A = ( A  -~~.
‘) + 2~ ~,t )~ ( l ~~~~L

’) ,

then expansion of the determinant  yields the condition

A (~ 
-.X

’
) A + 4 (A t )3’ -~ (k~

5’ +).~~ =0 .

C’ In order for the calculation to be s table we must  have all possible 

-



_ _ _ _ _ _  I

- 7 7 -

values of A to be such that )~‘. \ ~
- 

- 

‘ Case 1,

The first case we consider is when the first factor in the above

condition is zero , i .e .

(~~~ -)~~) + 2 ~~ t~t ( k ~5’÷1
t

)A
I 

=0 ,

or

A
t

l - 2 ~) ~~t ( Ic~’-~.~ . ).

Then to insure s tability we require that

-1~~~~~l - 2 ~~ 4 t(k1 + L1’) ~~ 1.

The r ,h s , is always satisfied . The l .h .s . give s a condition for

stability

~~~~~~. 1/ ‘~~( k ~+~~ ) .

Without friction these modes are neutral , with friction we expect

the modes to be exponentially damped . Note howeve r that if

l/~~~(k~~+~~
t

) ~~ ~ t ~~ 1/ 2 ~~ ( k ~+~~~ ),

then < 0 and the solution is not physically realistic since

there will be a sign change each second time step.  Thus a reason-

able condition to impose is

At ~~ 1/ 2~ (k’÷t ).

Cas e 2 .

When the second factor is zero we have

( .X - .A )~
‘ + 2 ’ ~ 6 t ( k z +~~.

t
) ) ,

)
( 4 ~ - ) + 4(~~ t~

’
~~~( k ~ +.t )= 0 ,

( or 

5’-- -- ---- - ---~~~- -- - 5- - - - — --- ~~~ -—-----5’- --- — “ - - - - -— - - - - - ~1
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Putting

and b = 2( A. t)~~~~ ( k ’+ 9 ) ,

the above equation can be wr i t t en  as

~~ -1 + 2a (~~~ 
- 1 )  + Zb (~~ -l ) + 2b = 0

or
8. -

X + 2 ( a + b ) X + 2 b 0 ,
2.

where X =  )~. -I .

So X = - ( a + b )  ±

or
2. /2.

Suppose that

( a + b )  - 2 b<  0 ,

• then the stability condition - implies tha t

E ( 1~~a~~b~ -~~~( a + b~~~ - 2 b ~~]~~~~~ 1 ,

or 
( 1 - 2 a ~~ ~~ I .

By definition a ~ 0 and since we have choosen a ~~ 1/2 , f rom

the study of the f i r s t  facto r , we find that this condition is always

sa t i s f i ed . But if

3’ ~ ~~ 1 imp lies that

. 1  ~~ l
~~ ( a + b ) ±E ( a + b )- 2 b J .~~~

1 .

- . is al ‘~~-is sa t i s f i ed  since

“
~~~~~

- 5 ’ 3 ’ i
~~ 

t a + b \ .

~~~ -,o’ s the lower si gn on the radical , s in ce it
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will contribute to decreasing the middle expression . It is therefore

necessary and suff ic ient  that

or 2. k
( a + b ) + [ ( a + b )  - 2 b ~~~~ 2 .

- 
- It follows that

• I,

a + b  - ~~~~~~ 2 -  ( a  + b

Now if ( a + b ) > 2 , then the inequality can neve r be satisfied ,

therefore
2 - ( a + b )  m u s t b e  ~~~ 0 .

Then it is possible to square the previous inequality , which g ive s

2~~~~~~2 a + b ,

or
~ ( s t )  ( k  +i . ) + ( A t ) ~~~ ( k ’ + 1) .

Without f r ic t ion thi s condition reads

~~ 1/ ( k’ + ~ ~~C , (36)

where C = ( g H )i. is the speed of gravity waves .

In our experiments H = 8 km and the largest  value used for ~

the kinematic viscosity , is 10’ rr~/sec , Also the smallest value

used for A t  , in our experiments , is one minute , Thi s means that

in our experiments 6t ~~ is greate r or of the same order as

So with full y explicit scheme we can say , in our experiments , that

the friction do not have si gnificant effect  on the CFL cri ter ion which

can be considered (36) .

Let us now integrate the same system of equations using

the one dimensional semi-imp licit scheme discussed in 11.4 . Using

_ _  - _ _ _ _
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- a leapfrog time scheme , then for  a part icular  mode k and we get

- 

- 

~~~~~~~~~~~~~~~~~~~~~ 
.~b ( k 8.+~~

%
)’1,

-
~~~~ 4 c = . . 2i 6t~~~~~k “°~~~~~~~~~

° 
~

- 
Assuming solution in the form (35),  the equations become , wit h

t r ( A - .A1 ) + i  A t k 4 ~
’ ( A +A ’ ) + 2 ~~

‘l~(..)l -..~
1 ) + 2 i  ~. t L 4~~÷ 2 ’~ ~~~~~ (k !~+~~~)~~~ = 0 ,

— 4~(.A - A~ ) + i ~~~~ k ( A  +~~
‘ ) ~ + Zi ~~ ~ 0

* k - .  -u , -~ and c4~ have non-trivial solution if

- - 
(‘5’ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0 i A t k ( A +.~
’)

0 ( . k  -A ’ )+2~~ At ..~ ( k’~~9.t ) 2i ~~~~ =0 .

• i ~~~‘ 4t k ( ..% +A ’ ) 2i A t ~~ t (A  -A’

—I -.‘ I.

With A = ( . )~ -J~ ) + 2 ’) &t ) 1  ( k’+t  ), we g et

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

Which give s
A = 0 , 5’

- with the condition of st~b i li ty,  as discussed before , namely

- 

At~~~. 1 / 2 ~~ ( k~ +j5 ’
2’ 

) .

The other solution gives 

— - -  - 5 -  -
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* 
- 8 1 -

( A _ ~~~~~~+ 2 ~~~ ( At )A ( A _ .A’ ) ( k ~~+ i ) + 4 ( 4 t ) ~~’ 9.. +

- : 

- 
( A t ) ( ~~~~+~~~) U ~~- l ) + (  At~~ ~~~~ (~~~ + l )  +

+ 4 ( At ~+ 
I .),1’ = 0

- Putting
- 

a =  ~~ A t ( k L +~~~ ) ,  b = ( l ~ t )  k’i~ and c = 2 ( A , t~~~~ . ,

-
- 

the previous equation reads 
- 

-

X ( l + b ) ÷ 2 X ( a + Z b ÷ c ) + 2 ( Z b + c ) = 0 ,

where 1.

.
‘
. X ~~— ( a +  2b + c ) ±  [(a + 2b + c~~~- 2(l +b)(2b+c~~ }/(1+b)

• or 
= I + ( I + b ) 

— ( a+2b+c)± (a+2b+c) -2( 1+b)(2b +c~~~~

- 
Following the same procedure as before , we get as a condition for

I
S stability

- 
—~ The condition without friction is

6t~~~. 1 / ~~~c .

-

—

I

5’-  - - -~~~



- 82 -

Appendix (III): The relation be tween  the momentum trans~ or t

and the tilt of the ~/ -fie ld

In the northern hemisphere a north (south) t ransport  of

westerly momentum is associated with nor th -wes t/ sou th-eas t (north-

east/ south-west)  tilt of the ~/-fie 1.d . Thi s relationship between the

tilt of the v-component of wind and the direction of momentum tran-

sport is strictl y valid only in the case of geostrop hic wi nds . Here

- 
- we perform a sample calculation of the actual momentum t ranspor t

to indicate that this relationship is valid for the numerical  experim-

ents described .

The momentum transport across a give n latitude circle

is proportional to

‘ ( I ,
— \ U.

where u’ and are the deviations of the velocity components f rom

the zonal average . In the sample calculation , by far  the dominant

component is wavenumber four . Therefore we can write

= A cos (4)~ - ‘.~~. )  , 
S

-/ ‘ = B cos (4)~ - ‘~~ 
) ,

where A and B are the amp litudes for u~’ and ‘/‘. ‘.Q .
~,. 

and ‘1~j

are the phas e ang les .

It follows that the momentum transport  can be written as
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Fi g. 22 . The latitudinal distr ibution of the di f fer enc~ between
- I the phase ang les , for  wavenumber 4 , of the u and ~$

fields for the experiment F32 16(5) . Alter 3 days

(solid line),  6 days (dash line ) and 9 days (dot l ine).

- i  
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- ç 8.
~ dA = ~~~ ~~ AB cos(4~ -

~~~~ ) cos (4X -
~~~~

) d~

= 2 cos(~~~, -~~~~)

The previous equation shows that the direction of the momentum

trans port across a latitude circle is determined by the phase differ-
- ence between u1 and ‘c/ ’ with the following rules:

- Northward transport of westerly momentum for
- 

~~T / 2 <  ~~~~~~ 1~’/ 2 ,

with maximum at - ‘c...j = a •

Southward transport  of westerly momentum for

< ~~~~~~~~~~~~~~~ < 3 1 T/ 2 ,

with maximum at - ~~ =~W .

( The mo mentum trans port is zero fo r , ~~~~~~~~~~~~~ 
=11 / 2 or

Fi g. 22 shows the distribution of ~~~~~~~~~~ with latitude

on days 3, 6 and 9 for  the experiment F32 16(5) . Comparing

Fig. 22 with Fig.3(A)( page 3 3 ) ,  it is clear that we get the proper si gn

of the momentum trans port  by ins pe cting the tilt of the v-field .
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